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Abstract 

We prove that the existence and nontriviality of the d-dimensional Minkowski con- 
tent for the Schramm Loewner evolution (SLE K ) with k < 8 and d = 1 + | . We show 
that this is a multiple of the natural parametrization. 

1 Introduction 

A number of measures on paths or clusters on two-dimensional lattices arising from critical 
statistical mechanical models are believed to exhibit some kind of conformal invariance in the 
scaling limit. Schramm introduced a one-parameter family of such processes, now called the 
(chordal) Schramm- Loewner evolution with parameter k (SLE k ) and showed that these give 
the only possible limits for conformally invariant processes in simply connected domains 
satisfying a certain "domain Markov property". He defined the process as a probability 
measure on curves from to oo in EI and then used conformal invariance to define the 
process in other simply connected domains. 

The definition of the process in EI uses the half-plane Loewner equation. Suppose 7 : 
(0,t] —7- EI is a curve with 7(0) = 0, and let j t = 7(0, t}. Let H t denote the unbounded 
component of EI \ 7^ We assume that 7 is non-crossing in the sense that for all s < t, 
j[s, 00) C H s , and j[s, t] H H s is nonempty. Let g t : H t — )■ EI be the unique conformal 
transformation with Qt{z) — z = o(l) as z — > 00. Then for every a > 0, there exists a 
reparametrization of the curve such that the following holds. 
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• For z e H, the map t i— >■ Qt{z) is a smooth flow and satisfies the Loewner differential 
equation 

d t gt(z) = —r-^ — — , g (z) = z, 
9t{z) - Ut 

where U t is a continuous function on R. This equation is valid up to time T z e (0, oo]. 
Under the reparametrization, the transformation g t satisfies 

g t (z) = z + — + 0(\z\- 2 ), z^oo. 

z 

We say that the curve is parametrized by (half-plane) capacity. Schramm defined chordal 
SLE K to be the solution to the Loewner equation with a = 2 and U a Brownian motion 
with variance parameter k. An equivalent definition (up to a linear time change) is to choose 
U t to be a standard Brownian motion and a = 2/n. It has been shown that a number of 
discrete random models have SLE as the scaling limit provided that the discrete models are 
parameterized using (discrete half-plane) capacity. Examples are loop-erased random walk 
for k = 2 [8], Ising interfaces for k = 3 [16] . harmonic explorer for k = 4 [13], percolation 
interfaces on the triangular lattice for k = 6 [15], and uniform spanning trees for k = 8 [8]. 

If D is a simply connected domain with distinct boundary points Wi,W2, then chordal 
SLE K from w\ to u>2 in D is defined by taking the conformal image of SLE K in the upper 
half plane under a transformation F : H — > D with -F(O) = Wi,F(oo) = U7 2 - The map 
F is not unique, but scale invariance of SLE in EI shows that the distribution on paths is 
independent of the choice. This can be considered as a measure on the curves F o 7 with 
the induced parametrization or as a measure on curves modulo reparametrization. 

While the capacity parametrization is useful for analyzing the curve, it is not the scaling 
limit of the "natural" parametrization of the discrete models. For example, for loop-erased 
walks, it is natural to parameterize by the length of the random walk. One can ask whether 
the curves parameterized by a normalized version of this "natural length" converge to SLE 
with a different parametrization. The Hausdorff dimension of the SLE paths [I] is d — 
1 + min{|, 1}. It was conjectured in [7] that the "natural length" of an SLE path might be 
given by the d- dimensional Minkowski content defined as follows. Let 

Cont d ( 7t ;r) = e r(2 " d) Area {z : dist(^ 7t ) < e~ r ] . 

Then the (i-dimensional content is 

Cont d (7 t ) = lim Cont^; r), (1) 

provided that the limit exists. If k > 8, then d = 2, and the 2-dimensional Minkowski 
content is the same as the area and the limit clearly exists. If k < 8, it is not at all obvious 
that the limit exists and is positive for t > 0. The main goal of this paper is to prove this. 

Before stating the theorem, we will set some notational conventions for this paper. Let 
< k < 8 and let 

a = - e (1/4, 00), (1 = 11^1 + ^(1,2). 
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Recall that -y t = 7(0, t] and we write 7 = 7oo = 7(0, 00) for the entire path of the curve. The 
Green's function for k < 8 is defined by 

G{z) = lim e r(2 - d) P{dist(z, 7 ) < e~ r }. 

r— >oo 

This limit exists (see Section 12.3ft and there exists c = c K such that 

G(z) = c [lmz} d ~ 2 [sinarg^] 40 " 1 . 

(Our definition of the Green's function differs by a multiplicative constant from that in other 
papers.) If F : D — > M is a conformal transformation with F(0) = w\, F(oo) = W2, we define 

G D (z;w 1 ,w 2 ) = \F'(z)\ 2 - d G(F(z)). 

There is also a two-point Green's function 

G{z,w) = lim e 2r(2 - d) P{dist(2,7) < e~ r , dist(w, 7) < e~ r }. 

r—too 

If D C H, let 

G(D) = [ G{z)dA(z), G 2 {D)= [ [ G{z,w) dA(z) dA(w), 

Jd Jd Jd 

where dA denotes integration with respect to area. We call ^(t) a double point for the SLE K 
path if there exists s < t such that 7(t) e dH s . If < k < 4, the SLE path has no double 
points while they exist for 4 < k < 8. Let Doub denote the set of double points of the path. 

Theorem 1.1. If < k < 8 there exists (5 > 0, such that if j(t) is an SLE K curve from 
to 00 in H parametrized by capacity, then with probability one, the following holds. 

• For every t > 0, the Minkowski content 

Q t = Cont d (7 t ) = lim Cont rf (7 t ;r), 

T— >OC 

exists. 

• The function t 1— >■ Gt is strictly increasing and if s < t, 

e t -e a = Cont d (7[s,*]). 

• For every t < 00, Conf^t H Doub] = 0. 

• On every bounded interval [0, to], Qt is Holder continuous of order (3. 
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Moreover, if D C EI is a bounded domain with piecewise smooth boundary, then 



E[Cont,( 7 n J D)] = G( J D), 
E [Contrf(7 fl D) 2 ] = G 2 (D), 

and if t > 0, 

E[Cont d (7 n D) | 7J = Cont d (7 t nD)+ [ Gn t (z; 7 (t), oo) dA(z), 

Jd 

The theorem allows us to define SLE K with the natural parametrization by letting 

7 (t) = 7 ((j i )> o t = inf{s : Q s = t}. 
Under this parametrization with probability one for all t, 

Cont d ( 7 i) = t. 

If F : H — > D with F(0) = w±, F(oo) = W2 is a conformal transformation, then as in [6] 
the natural parametrization in D can be defined by saying that the time to travese F(ff[s, t]) 
is 

j\F'^{r))\ d dr. (2) 

If 7[s, t) C H, we can see that this is the same as Coiatd[F o 7 [s,t]]. We expect this to be 
true for all D (the only question is 4 < k < 8 with D having a nonsmooth boundary). 

As an example, let D be the unit disk D and let Wi = 1,W2 = — 1. In this case the map 
F : H — > D extends analytically to M. and there is no problem establishing that ([2]) equals 
Contd[F o 7[s, £]]. Let j(t) be the SLE K path in H with the capacity parametrization, and 
let rj(t) = F(j(t)) which is an SLE K curve from 1 to —1 in D. Let Q t = Gontd[i]t\. In this 
case 0oo is an integrable random variable with 

E[6 oc ]= I G»{z;l,-l)dA{z) < oo. 
Jn 

Moreover, 

E[0oo | rtt] = <d t + %, 

where 

%= [ G Dt (z; V (t),-l)dA(z). 

JD t 

Since M t := E[6oo | r] t ] is a martingale, we can see that Q t is the unique increasing process 
such that ty t + 6* is a martingale. This is a Doob-Meyer decomposition. 

In [7] , the natural parametrization was defined to be the unique process Q t which makes 
+ 0( a martingale. While this is a simple definition, it requires moment bounds in order 
to make sure that the process exists (uniqueness is easy). Indeed, it is not hard to see that 
M t (z) := Go t {z] r)(t), —1) is a local martingale, and hence ^ t is an integral of positive local 
martingales. If \l/f were also a local martingale, then no nontrivial Qt could exist. 
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• In [7\, it was shown that for k < 5.0 • • ■ , the process Qt exists in H (the definition has 
to be modified slightly in H because \l/o as we have defined it above is infinite — this 
is not very difficult). The necessary second moment bounds were obtained using the 
reverse Loewner flow. It was shown that for this range of k, there exists «o = «o(k) > 
such that the function t i— > Q t is Holder continuous of order a for a < «o . 

• In [TU], the natural parametrization was shown to exist for all k < 8. There the 
necessary two-point estimates were obtained from estimates on the two-point Green's 
function [HE]. However, the estimates were not strong enough to determine Holder 
continuity of the function B f . 

• In [6] a new proof was given for all k < 8 combining ideas in [3 [TO] with known results 
about the Holder continuity of the Schramm-Loewner evolution (with respect to the 
capacity parametrization). This established continuity and Holder continuity of the 
natural parametrization for all k. 

Let us discuss some conclusions that we can derive. If Q t = Contd(7t), then clearly Q t is 
increasing and measurable with respect to 7^. The conditional distribution of Contd[ / y(t, 00)] 
given 7i is the same as the distribution of the Minkowski content for SLE from j(t) to — 1 
in D t . In particular, using the fact that Doub has content zero, we have 



is a martingale. Uniqueness of the Doob-Meyer decomposition shows that our Q t must be 
the same as the natural parametrization as discussed in [TJ [TTJJ, [6]. Using the Minkowski 
content as the definition, we immediately get independence of domain as well as reversibility 
of the natural parametrization, that is, the time to traverse j[s, t] is the same as the time to 
traverse the path in the reverse direction. 

1.1 Outline of the paper 

Section [2] sets notation for the paper and reviews previous work. We define the Minkowski 
content in Section 12.21 and derive some simple properties. For technical reason we define 
a slightly smoother version of the content which is easier to analyze; here we show why it 
suffices to prove results about the smoother version. The Green's function for chordal SLE K 
is reviewed in Section 12.31 This is a normalized limit of the probability of getting near a 
point z. We also discuss estimates in [9] concerning the probability that an SLE K path gets 
close to two points. In the following subsection we discuss some of the ideas uses to prove 




where G t (z) = Gr> t {z;^{t),—1). Therefore, 
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two-point estimates; in particular, some precise forumations are made of the rough statement 
"after an SLE curve gets close to z it is unlikely to get close again" . This section uses ideas 
from [HIE]. 

The proof of the main result is in the remainder of the paper. Before going into specifics, 
let us outline the basic idea of the proof. For ease let us fix a square, say T = [0, 1) + 2) 
and consider 7 D T. For each z G T and r > 0, let r r (z) = inf{t : |7(t) — z\ < e~ r } and 
let J r (z) be e r<y2 ~ d ^ times the indicator function of the event {t t .(z) < 00}. Let T r (z) be the 
first time that the conformal radius of z in H\7(0, t] equals e~ r+2 . The Koebe 1/4-theorem 
implies that T r (z) < T r (z). By comparison with "two-sided radial" (SLE conditioned to go 
through z), one can show that there exists c\ such that P{T r (z) < 00} ~ c\ G(z) e r<yd ~ 2 \ If 
r is large, and we view the path 7[0,T r (z)] near z, then locally it appears like a path with 
the distribution of two-sided radial SLE. Using this, one can see that 

F{J r (z) > I T r (z) < 00} = p + o(l), r^oo, 

where p is independent of z, and using this in turn, we get a one-point estimate 

E[J r (z)]=c lP G(z) + o(l), (3) 

If we fix 5 > 0, we can see similarly that there exists p' such that 

P{ J r+ s(z) > I T r {z) < 00} = p' + o(l), r -> 00, 

and by using (j3J), we see that p' = e 5 ^ 2 ~ r ^ p. In other words, E[J r+ s{z) — J r (z)\ = o(l). 
The conditional distribution of J r+ $(z) — J r (z) given 7[0, T r (z)] is determined (up to a small 
error) by the way the curve 7 looks near j(T r (z)), and this latter distribution is understood 
through two-sided radial SLE K . If z,w are not very close together and the SLE curve gets 
close to both z and w, we might hope (and, indeed, this is what we show) that the local 
behavior of 7 near ^{T r (z)) and near j(T r (w)) are almost independent. The upshot of this 
is that if we consider the random variable 

Y r = J [J r +S{z) - J r {z)) dA(z), 

then Efly?] is small. If we can show that E[V r 2 ] < ce _/3r , then we can show that 

lim / J r (z) dA{z) 
r-J-oo J T 

exists limit in L 2 and with probability one. 

This outline is carried out in Section [37T1 assuming a moment bound, Theorem 13.21 which 
is proved later. The proof essentially follows the outline above using a smoothed version of 
J r . This establishes with probability one that Contd[7 D V] exists for every dyadic square T. 
Section 13.21 uses this to prove the statements in Theorem 11.11 again leaving one fact for the 
last section. 
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The main estimates are proved in the final section. Section 14.21 analyzes the one-point 
estimate, that is, the estimates for getting close to a single point z. A key to the two-point 
estimate is to understand the one-point estimate very well. For ease we consider SLE in 
the disk between boundary points and choose the origin to be the target point. Two-sided 
radial, which is an example of what are sometimes called SLE(k,p) processes, describes 
chordal SLE "conditioned to go through z" . It can be analyzed by a one- dimensional SDE. 
We use this to study SLE conditioned to get near z. To do the two-point estimate, we start 
in Section 12.41 by reviewing the basic idea that after one gets close to a point, one tends 
not to return to it. This statement requires care to make precise. In the final section we 
complete the proof giving a rigorous version of the rough outline above. 

2 Preliminaries 

2.1 Notations and distortion 

We fix k < 8 and allow all constants to depend implicitly on k. Recall that a = 2/k and 
d = 1 + |. If 7 is an SLE K curve from w\ to u>2 in a simply connected domain D, we write 
7t = 7(0,t] = {7(s):0< S <t}. 

If n,j, k are integers, we write T n (j, k) for the dyadic square 

r n (j, k) = [j2' n , (j + 1)2-") x i [k2~ n , (k + 1)2-"). 

Let 

Qn = {T n {j, k):jEZ,k> 0}, Q+ = {T n {j, k)EQ n :k> 0}, 

Q = |J Q n , Q + = |J Qn- 

For each n, Q n is a partition of H. Another useful partition is given by 

{r m (j, 1) : m < n,j e Z} U {T n (j,0),j e Z}. 

One partition of H is 

Q 1 :={r n (j,l):jeZ,nGZ}. 
We will need the following simple distortion estimate. 

Lemma 2.1. There exists c < oo, p < 1 such that the following holds. Suppose D is a simply 
connected domain containing the origin and g : D — > D is a conformal transformation with 
0(0) = 0. Then, 

^<|#'(0)|dist(0,aD)<l, 
|9(Z)I "&P)' 
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Proof. By scaling and rotation we may assume that g'(0) = 1 and hence that / = g^ 1 
satisfies /(0) = 0, /'(0) = 1. The Koebe (l/4)-theorem implies that /(D) contains the 
disk of radius 1/4 about the origin. If b = dist(0, dD), then the function h(z) = g{bz) 
is a conformal transformation of D into the D and hence the Schwarz lemma implies that 
\g{bz)\ < \h{z)\ < \z\. □ 

2.2 Minkowski content 

The d- dimensional Minkowski content is one way to "measure" the size of a rf-dimensional 
fractal. We use the quotes because the content is not technically a measure. Its definition 
is in some ways more natural than rf-dimensional Hausdorff measure; however, it has the 
disadvantage that it is defined in terms of a limit that does not always exist. We will restrict 
our consideration to 1 < d < 2 and V C D where D is a bounded subdomain of C with 
smooth boundary. 
Let 

Cont d (y; r) = e r(2 - d) Area{^ : dist(z, V) < e~ r } = e r{2 ~ d) [ l{dist(z, V) < e~ r } dA(z). 

Jc 

Here, and throughout this paper, dA denotes integration with respect to two-dimensional 
Lebesgue measure. The upper and lower d- dimensional Minkowski contents are defined by 

Cont^V; r) = sup Cont d (^; s), Cont+(V) = lim Cont j(V; r). 

s>r r ^°° 

Cont d (V» = inf Cont d (V;s), Cont7(y) = lim Cont d (V». 

s>r r— >oo 

The d- dimensional Minkowski content (if it exists) is defined if Cont^V) = Cont^(F) in 
which case 

Cont d {V) = lim Cont^r). 
Since d > 1, and dD is smooth, 

Cont d (V) = lim e r(2 - d) [ l{dist(2, V) < e~ r } dA(z), 

with each side well defined if and only if the other side is well defined. 

Because the content is not additive, we have to be careful when taking unions and limits. 
This simple lemma will list the properties that we need. 

Lemma 2.2. 

• If s > 0, then 

Cont d (V; r + s)< e s ^ Cont d (V; r). (4) 
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• //Cont d (V), Cont d (V) exist and dist(V, V") > 0, £/ien Cont d (V U V) exists and 

Cont d (V U V) = Cont d (F) + Cont d (V')- (5) 

• // Cont^V) exists, then 

Cont d (y) < Cont+(y U V") < Cont d (y) + ContJ(y')- 

• Suppose Vi, V2, ■ ■ ■ are bounded sets for which Contd(V n ) is well defined. Let V be a 
bounded set such that 

lim [Cont+(V \ V n ) + Cont+(K \ V)] = 0. 
Then C(mt d (V) exists and 

Cont d {V) = lim Cont d {V n ). (6) 

Proof. We leave this to the reader. The last conclusion uses 

Cont d (K; r) - Cont d (K \ V; r) < Cont d (F; r) < Cont d (V n ; r) + Cont d (V \ V n , r). 

□ 

For technical reasons it is convenient to approximate the indicator function by a contin- 
uous function. If A > we define 

Cont/(V ; r) = \ I Cont d (V ; r - s) ds = [ J^{z)dA{z), 
A Jo Jc 

where 

£ r(2-d) f\ 



and 



J r \z) = < —^~ I e s(d - 2) l{dist(z, V) < e s - r } ds, (7) 
A Jo 

Cont/(V)= lim / J^{z)dA{z) = lim / J^{z)dA{z), 

with the left-hand side existing if and only if either of the limits exist (if either limit exists, 
then so does the other one with the same value). If Cont rf (V) exists, then it is easy to see 
that for all A > 0, Cont d A (V) exists and equals Cont (i (l / ). The next lemma gives a partial 
converse to this. 

Lemma 2.3. Suppose there exists a sequence \ n \, such that Contd An (V) = m n exists and 
is finite. Then the Minkowski content Cont^tV) = m exists and m n = m for all n. 
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Proof. Note that 

e A(d-2) jX + ^ < e r(2-d) 1 { dist(/2; < e -ry < gA(2-d) jA(^ 

Hence for each n, 

e A " (J - 2) m„ < Cont^(V) < Cont+(y) < e Xn(2 - d) m n . 

Suppose there exists K < oo such that m n < K for all n. Letting n — > oo, we see that 
Cont^"(V) = Contj~(V) and hence Conta-(V) exists. We have already noted that this implies 
that Cont/(V) = m for all A > 0. If the m n are not uniformly bounded, then there exists a 
subsequence m nk — > oo. The left inequality applied to n k implies that Cont^"(V) = oo, and 
then the right inequality implies that m n = oo for all n. □ 

2.3 Green's function 

The Green's function for chordal SLE K is the normalized probability that the path gets 
near a point z. By nature it is defined up to a multiplicative constant and we choose the 
constant in a way that will be convenient for us. The precise definition uses the following 
theorem. If D is a simply connected domain and z G D we let crad^z) denote the conformal 
radius of z in D, that is, if / : D — > D is a conformal transformation with /(0) = z, then 

CT & d D (z) = \f'(z)\. 

Theorem 2.4. For every k < 8, there exists d,c = c(k),oj < oo such that if w = e 2lB G D 
and 7 is a chordal SLE K path from 1 to w in D, then 

P{crad D (0) < e- r } = d [sin^] 40 " 1 e r(d ~ 2) [1 + 0{e~ ar )}. 

P{dist(0,aD) < e- r } = c[sm6} 4a - 1 e r{d - 2) [1 + 0{e~ ar )}. 
Here D denotes the connected component of D \ 7 containing the origin. 

Proof. For the first expression, see for example, [9]. The proof gives an explicit form for d 
but we will not need it. The second was proved in [6], but we reprove it here in Proposition 
14.31 This proof does not give an explicit expression for the constant c. □ 

To be precise, let P# denote the probability distribution on paths 7 = 7[0, 00) given by 
chordal SLE K from to e 2t0 in D. Then exist c', c, a, c, depending only on k, such that for 
all 9 and all r < 1/2, 

\e r(2 - d) [sin^ 4a P e {crad D (0) < e^} - c'| < ce~ ar , 

\e r{2 ~ d) [sine] 1 - 4a P e {dist(0,7) < e~ r } - c\ < ce~ ar . 

A similar theorem to Theorem 12.41 replacing distance with conformal radius is easier to prove, 
see for example, [9]. From this earlier theorem and the Koebe (l/4)-theorem, we can easily 
deduce the following estimates if 7 is an SLE K path from from to 00 in HL: 
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• If Im(z) > 1 and r > 0, 

P{dist(z, 7 ) < e~ r } x [lm(z)} d - 2 [sinarg^-V^. (8) 

• If x > 0, 

P{dist(x, 7) < e" r } < c [e-Vx] 4 "- 1 . (9) 

If Wi, w 2 are distinct boundary points of a simply connected domain D, we write Su(z; wi, w 2 ) 
for the sine of the argument of z with respect to Wi,w 2 , that is, if F : D — > HI is a con- 
formal transformation with F(w\) = 0,F(w 2 ) = oo, then F(z; W\, w 2 ) = sin[argF(z)]. 
Note that Sd(z; Wi, W2) is a conformal invariant and cradi)(z) is conformally covariant, 
crad/(D)(/(-2)) = |/'(^)| CTado(z). The chordal Green's function is defined by 

G D (z; w 1 ,w 2 ) = cciad D (z) d ~ 2 S D (z;w 1 ,w 2 ) 4a ' 1 . (10) 

The definition here differs from the definition elsewhere (for example in [U]) by a multiplica- 
tive constant. Previously it was defined so that Gu(z', 0, 00) = lm(z) d ~ 2 sin[arg2;] 4a_1 = 
[crade(^)/2] ci ~ 2 S^(z; 0, oo) 4a_1 . The Green's function satisfies the conformal covariance rule 

G D (z; Wl , w 2 ) = \f(z)\ 2 - d G f{D) (f(z); f(w x ), f(w 2 )). 

We choose the definition ffTUj) so that we do not need to keep writing the constant c. Theorem 
12 .41 extends immediately to other simply connected domains by conformal invariance of SLE. 

Theorem 2.5. If k < 8, 7 is a chordal SLE K path from w\ to w 2 in a simply connected 
domain D, then for z G D with dist(^, 3D) > 2e~ r , 

P{dist(^, 7) < e- r } = G D (z; w u w 2 ) e r ^ [1 + 0( e - ar ))}. 

Most of our computations will be in the upper half plane or in the disk. For notational 
ease we will write 

G{z) = G m (z; 0, 00), G{z- 9) = G B (z; 1, e m ). 
If V C H, we define 

G(V) = [ G{z)dA(z). 
Jv 

Note that if T e Q n and z is the center point of T, then 

G{T)^2- 2n G{z). 

The other estimates we need will deal with upper bounds for the probabilities that the 
SLE curves gets close to two different points z, w. For the remainder of this section, we 
assume that 7 is an SLE curve from to 00 in H. If z € H, we let 

r r (z) = mf{t : | 7 (t) - z\ < e' r } . 
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Lemma 2.6. There exists a > 0, c < oo such that if \z\, \w\ > e u and \z — w\ > e u , then 
for < s < r, 

nr s+ u(w) < oo, r r+u (z) <oo}< ce^ d ~ 2 \ (11) 
n^s+uM < r r+u {z) < r r+u (w) <oo}< ce 2r ^ e- as . (12) 

By scaling it suffices to prove the theorem for u = 0. What [9j Lemma 4.10] shows is 
that for s > 0, 

P{r r+ i(z) < oo,dist [w, 7r r+ i(*)] < e" s dist [w,^ Tr{z) ] \ j Tr ( z )} 

<cdist [w, lrr{z) ] a e^" 2 \ 



from which ( flTT) and (U2j) can be deduced. Given this estimate one also shows that if 
Im(z), lm{w) > 1 with \z — w\ < 1, then 

P{r r (z) < oo, r r (w) <oo}< ce 2r{d ~ 2) |z-u;| d ~ 2 - (13) 

In [9], it was shown that the limit 

- -i m \ 7 {Zi) ^ e,craa H \ 7 ( 



lime'* 2 5 d 2 F{cmd M \~ / (z 1 ) < e, crad e \ 7 (.22) < 5}. 

e.810 



exists and defines a two-point Green's function. In Section 14.21 we show how to adapt this 
argument to show existence of 

G(z 1 , z 2 ) = lime d - 2 5 d - 2 P{dist(^,7)(zi) < e,dist(^ 2 , 7 ) < 5}. (14) 
e.54,0 

In fact, we can write G(z 1 , z 2 ) = G(zi, z 2 ) + G(z 2 , z%) where 

G(z,w) = G(z) E* [G Ht (w;z, 00)}, 
where E* denotes expectation with respect to two-sided radial SLE K from to z stopped at 

T = inf{t : 7 (t) = z}. 

We finish this subsection with an example of a bounded domain with 1,-1 G dD such 
that 

/ G D (z; 1,-1) dA(z) = 00. (15) 
Jd 

We will use a standard construction of a comb domain. Let e n 1 be a strictly decreasing 
sequence with e n < 1/4 and let S n = e n — e n+1 . For odd n, let 

Jn = |en - 1 +iy : -^-(en-l) 2 < V < \ V± ~ = I) 2 1 , 
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for even n let 



J n = { e n - 1 + iy : --^1 - (e n - l) 2 < y < y/l - (e n - l) 2 



and let 



D = B\ 



n=l 



Note that a/1 — (e„ — l) 2 ~ e„. Let be the subset of D given by 

{x + iy: e n+ i + (<J„/4) < x < e n - (5 n /4), -e n /4 < y < e n /4} . 

If F : D — > HI is a conformal transformation with -F(l) = 0, F(oo) = — 1, then F(J n ) C (0, oo) 
for every n and F(J n ) C (— oo,0) for odd n. Hence, we can see that Sd(z] 1, —1) x 1 for 
z E V n . Since crad£>(z) x 5 n for 2 e V^, we have Gd(z; 1, —1) x 5^~ 2 , and 

/ Gd(z; 1, -1) dA(z) x Area(V;) x 5 d ~ l ■ 

JVn 



If we choose S„ such that 



then (H5J) holds. 



00 -.00 

n=l n=l 



1 = OO, 



2.4 Two-point estimates 

A basic principle in proving two-point estimates for SLE is the idea that if a path gets very 
close to a point z and then gets away from z, then it is unlikely to get even closer to z. 
While this is the heuristic, as just stated the principle is not always valid. Since this idea 
is important in several of our proofs, we will spend some time to make it precise. We are 
expanding on ideas in [HI [B]. Let 7 be an SLE K curve from to 00 in H, z G EL If z G H, let 

T r (z) = inf {t : | 7 (t) -z\= e~ r }. 

If r r = T r (z) < 00, let H = H Tr denote the unbounded component of H \ 7 Tr , and let 
B u = B u (r, z) denote the disk of radius e~ ur containing z and let B = B\ denote the disk of 
radius e~ r about z. Let V u = V u (r, z) denote the connected component of B u HH containing 
z. If u < 1, the intersection of dV u with if is a disjoint union of open arcs in dB u each of 
whose endpoints is in OH . There is a unique such arc I, that we denote by l u = l u (r, z), such 
that z is contained in the bounded component of H \l. Simple connectedness of H is used 
to see that this arc is unique. However, one may note the following facts. 

• The bounded component of H \ l u does not need to be contained in B u . Indeed, we 
have no universal bound on the diameter of the bounded component. 
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• There may be other subarcs / of dB u n H such that z is in the bounded component of 
H\l. However, these arcs are not on dV u . 

Let < u < 1, let 

a = a u (r, z) = inf [t > r r : j(t) e l u } , 

and let /* = /* denote the open subarc of /„ that is a crosscut of H a separating z from infinity. 
Then a correct, although still imprecise, version of our heuristic principle is: if r r < oo, then 
after time a the path is unlikely to get closer to z. We will now be more precise. If r r < oo, 
define A = A(r, z, u) > 1 by 

distal = e~ Xr . 

Let denote the connected subarc of dB\ R H a that separates z from infinity. (If the 
intersection of 7 CT with £>a is a single point, which we expect to be the case with probability 
one, then l* x is a circle with a single point deleted.) 

Lemma 2.7. There exists c such that for all < u < 1, 

P{dist[z, 7 oo] < dist[z, 7(r ] | 7 J < ce"'""^, (16) 
where a = (4a - l)/2 > 0. 

Proof. Let g : i/o- — > HI be a conformal transformation with (7(7(0")) = 0,g(oo) = 00. The 
image 77 = g o /* is a crosscut of EI with one endpoint on the origin and one on the real 
line which without loss of generality we will assume is on the positive real line. The curve 
7]' = g o is a crosscut of EI contained in the bounded component of EI \ rj with positive 
endpoints x\ < Xi- Let us consider the conformal rectangle given by the component of 
EI\ (rjUr]') that contains both rj and rj' on its boundary and with i], rj' as two of the boundary 
arcs of the rectangle. The excursion measure between rj and 7]' in this rectangle is the same as 
the excursion measure between l* u and l\ for the corresponding rectangle in H a \ (/* UZ^). The 
Beurling estimate (see, e.g., [Theorem 3.76]Lawl) implies that the latter is bounded above 
by ce~( A-u ) r / 2 . Since r] separates rj' from the negative real line, we see that the excursion 
measure between rj' and (—00, 0] in the unbounded component of EI \ rj' is bounded above 
by ce~ < - A ~") r / 2 . By standard estimates this shows that diam(r/) < ce -( A - u ) r / 2 a;i) anc [ hence 
by the probability that an SLE path hits it is 0(e- (A " u)(4a - 1)r/2 ). □ 

We prove the next lemma only for k < 4; we do not know if it is true for 4 < k < 8. Let 
B = £>i denote the disk of radius e~ r about z. 

Lemma 2.8. If k <4, there exists c such that if0<u<l, 

P{ 7 [(7, 00) n B ^ | 7(7 } < c e a{u - 1)r , (17) 

where a = (4a - l)/2 > 0. 
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Proof. Let V denote the unbounded component of H a \ B and note that l* u C V . Then 
dV C\H a ndB is a disjoint (finite or countable) union of open subarcs of dB, which we denote 
by Li, L 2 , .... Note that L = ULj. Let hj denote the angular length of Lj, that is to say, if 
Lj = {z + e~ r+w , 6 1 <9<9 2 }, then hj = 9 2 - Q x . Then 



The probability on the left-hand side of (TIT]) is the probability that j[a, oo) fl L ^ 0. Let 
g,T] be as in the previous proof, and let rjj = g o Lj. For fixed j, consider the conformal 
rectangle given by the component of H\ (rjUrjj) that contains rj, rjj on its boundary and with 
rj, rjj as two boundary arcs of the rectangle. Then the excursion measure is the same as the 
that between Lj and /* in H a . This latter measure is 0{hj e r( - u_1 ^ 2 ). (To see this, consider 
Brownian motions starting on /*. The probability to get to the circle of radius e 1_r about 
z without leaving H a is C^e 1 -" -1 ^/ 2 ) by the Beurling estimate. The Poisson kernel in C \ B 
shows that the conditional probability that it leaves H a at Lj is O(hj).) As in the previous 
proof, by ([9]), 

P{ 7 [a, oo) n Lj ^ | 7(T } < ce a{u ~ 1)r hf' 1 . (18) 

The argument up to this point has not used the fact that k < 4. However, if k < 4, we know 
that 4a — 1 > 1 and hence 



DC 



1 4a- 1 

4a- 1 



<(2vr) 



Therefore, by summing ( fT8l) over j we get ( fTTj) . □ 

While we do not know if the last lemma holds for k > 4, the next lemma will suffice for 
our needs. 

Lemma 2.9. If A < n < 8, there exist c < oo,/3 > such that if r r < oo and < u < 1, 
then 

P{Bnif CT ^0|7rJ<ce^- 1 >. 

Proof. Let £ = 7(r r ). Let g be a conformal transformation of H onto EI with (7(C) = 
0, g(oo) = 00. Let i] = g o l UJ r( = g o [<9i3 \ {C}]. Then ^ is a crosscut of FJ with one endpoint 
positive and one endpoint negative, and rj' is a simple loop rooted at the origin lying in the 
bounded component of H \ r]. By choosing a multiple of g if necessary, we may assume that 
max{|u>| : w E r]'} = 1. 

We claim that there exists d such that dist(0, 77) > c'e^" -1 ^'/ 2 . To see this, consider the 
conformal rectangle V U \B with boundary arcs dB and l u . Let d 1 , d 2 denote the other two 
boundary arcs considered as prime ends. Let B t denote a Browni 

n motion and T = inf{t : B t V u }. Then the Beurling estimate (see ???) shows that for 
wedB, 

F w {B T e l u } < ce ( "- 1)r/2 min {F w {B T e dt} , F w {B T G d 2 }} . 
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By conformal invariance, if 

T v = inf{t : B t er]}, T = inf{t : B t G R}, 

then there exists w with = 1 such that 

F W {T V <T}<c e iu - 1)r/2 min {¥ w {B T G (0, oo)} , ¥ w {B T G (-00, 0)}} . 

Using the gambler's ruin estimate, we see that for \w\ = 1, the right-hand side is comparable 
to ce iyU ~ v,T l 2 Im(w). Also, since 77 is a crosscut, we can see that the left-hand side is greater 
than a constant times lm(w)/dist(0, rj). This establishes the claim. 

By conformal invariance, P{£> fl H a ^ | 7 Tr } is bounded above by the probability that 
an SLE K path starting at the origin has not separated the unit circle from infinity before 
it reaches the circle of radius c'e ( - 1 ~ u ^ r ^ 2 . Using scaling and the fact that SLE K has double 
points, it is not hard to show that this is 0{e^^ u ~ l ' r ) for some r. □ 

Corollary 2.10. If k < 8, there exists c such that if \z\ > e _r//2 and < u < 1, then if 
r r < 00, 

P{ 7 [ ( x,oo) DB^ I 7Tr } < ce^ u ~ 1)r , 
P{r r < oo, 7 [a,oo) nB^ 0} < cG{z) e {d ~ 2)r e ^ u ~ x > . 

We finish by proving a lemma. A stronger result can be found in j6]. However, since we 
only need this weaker result we include a proof. We use the following fact which is similar 
to Theorem 12.41 Let p s = inf{t : \ j(t) — 1| < e~ s . Then, 

P{p s < 00} < ce s(1 - 4a) . (19) 

Lemma 2.11. There exists a > 0, c < 00 such that iflm(z) > e~", i6l,i> e~ m , then 

¥{r r+u (z) < oo,T s+m+u (x) < 00} < ce r{d ~ 2) e~ as . 

Proof. By scaling we may assume that u = and hence lm(z) > 1. We know from Theorem 
El that P{r r (z) < 00} < ce r ' d - 2 ' and from (dHD that P{r s+m (a;) < 00} < ce 8 ^ 4 "'. If r < s, 
we have 

¥{r r {z) < oo,r s+m (x) < 00} < ¥{r s+m {x) < 00} < ce r( ^ 2) e" sa , 

where a = 4a — 1 — (2 — d) > 0. Hence, we may assume that 5 < s < r. 
Let us consider the event 

A r = A r ^^ m ^ z ^ x = \t t ^2(z) < T m+S (x) < T r _i(z) < OO}. 

We claim that there exists /3 such that 

P(A r ) < ce r{d ~ 2) e" r/3 . 
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To see this, let C denote the crosscut of H given by the half-circle of radius e~^ s+m ' ) about 
x. We consider two possibilities: i?[r 3r ,/ 4 , r r _ 2 ] <£■ £>i/2 and i?[r 3r /4, r r _ 2 ] C As stated 

above, there exists j3 > such that 



P{r r _ 2 < oo.Bfr^r^a] t S1/2} < ce^e"^. 

However, if _B[r3 r /4, t>_ 2 ] C £>i/2, then C lies in the unbounded component of H \ Z 3 / 4 , and 
arguing as in the proof of Lemma 12.71 

F{rr-2(z) < r s+m (x) < r r _i(*)} < ce^e-*. 
Let £/fe be the event 

E k = A kiriS>m!Z>x = {Tk^z) < T m+S (x) < T k (z) < T r (z) < Oo}. 

Note that 

F[E k I r k ^{z) < r m+s (x) < r k {z) < 00] < ce^ d - 2 \ 
The estimate in the last paragraph gives 

P{r fc _ 1 (z) < r m+s (x) < r k {z) < 00} < ce^ e"^. 

Hence F(E k ) < ce~P k e r ( d ~ 2 \ By summing over k, we see that 

P{r s (z) < r m+s (x) < r r {z) < 00} < ce^e^. 

Also, 

P{r m+S (x) < r s (z) < r r (z) < 00} 

< P{r m+S (x) < oo}P{r r (2:) < 00 | T m+S (x) < t s (z)} 

< ce S(1_4a) e (rs)(d-2) 
— c e ~koi e r (d-2) 

where a = (4a — 1) — (2 — d) > 0. Hence, 

F{r m+S (x) < r r (z) < 00} < ce^e r(d " 2) . (20) 

To estimate P{r r (z) < r m+s (:r) < 00} we write it as 

P{r m+(s/2 )(a;) < r r (z) < T m+S (x) < 00} + P{r r (z) < r m+(s / 2) (x) < r m+s (x) < 00}. 

By (120p . the first term is bounded above by ce" s ^ 2 e r<yd ~ 2 \ The second term can be bounded 
by 

¥{r r (z) < oo}P{r m+s (x) < 00 | r r (z) < T m+{s/2) (x)}. 

In this product the first term is bounded by ce 1 "^" 2 ' and we can use ( 1T91) to see that the 
second term is bounded by ce s ' 1_4a '/ 2 . 

□ 
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3 Existence of Minkowski content 
3.1 Main theorem 

If T G Q n as defined in Section 12.11 and 7 is an SLE K curve from to 00 in H, let 

Z(T) = Cont+( 7 nr;nlog2). 

Theorem 3.1. Suppose k < 8 and 7 is an SLE K curve from to 00 in HI. Then with 
probability one, the following holds for all F G Q + . 

• The limit 

//(r) = Cont d ( 7 n T) = lim e r(d - 2) Are&{z : dist(z, 7 n T) < e~ r } 

r— >oo 

exists. 

• IfO<\< 1/10, i/ien 

/i(r) = lim / jXz)dA(z), 

r-J-oo J r 

where the limit is both in L 2 and with probability one. 

• Ifd n T = {z G H : dist(z,<9r) < 2^ n }, t/*en 

lim Cont+( 7 n9„r) = 0. (21) 

n— >oo ' 

• T/te following moment relations holds. 

E[pt(T)]= [ G{z)dA(z), E[fx(T) 2 ]= [ [ G{z,w) dA(z) dA(w), (22) 
Jd Jd Jd 

E [Z(T) 2 ] < 00. (23) 

The bulk of the work in proving the theorem is to prove Theorem 13.21 below. Let < 
5 < A < 1/10. Let T r (z) = inf{t : \>y(t) - z\ = e~ r }. Let J*(z) be as defined in and let 



Q x /{z) = J${z) - J r x +S (z) 

[ e< d ^ [I {r r _ s (z) < 00} - e 5 ^ 1 {r r+s „ s (z) < 00}] ds 
Jo 

[ e s{d ~ 2) l{r r _ s (z) < 00} ds 

Jx-5 

[ e s ^l{r r+S - s (z)<oo} ds. 

J-5 



e r(2-d) pX 
e r(2-d) /-A 



e (r+<5)(2-d) /-O 

Note that there exists C such that 

\Qr'\z)\ < Ce r ^ 1 {r r _ x (z) < 00} < Ce r ^ 1 {r r .. x {z) < 00} . (24) 
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Theorem 3.2. Suppose k < 8 andj is SLE K from to oo in H. For every < £ < A < 1/10, 
t/iere exist c < oo, /3 > 0, such that iflm(z), lm(w) > 1 and r > 0, then 

E [Q^(z) g r A,,5 H] < ce" r/3 |z - H' 3 " 2 . (25) 

We will not try to find the optimal /3 in our proof. Although we do not need it, the proof 
shows that there exists a single (3 that works for all < 8 < A < 1/10. The constant c in 
the proof, however, does depend on A, 5. 

Proof of Theorem \3.1\ given Theorem \3.S\ It suffices to prove the result for each F e Q + , 
and by scaling we may assume that T = [j,j + 1) x i [k, k + 1) e Qq with fc > 1. Suppose 
that < 5 < A < 1/10. Let 

J r A = J r A (r) = y J A (;z) dA{z), 

Qr = gV(r) = J A - J r x +5 = J Q x /(z) dA(z), 

Note that Cont d (7 n T;r) < e A(2 ~ d)r J A . By integrating (12"5|). we see that if r > 0, then 
E [Q 2 ] < ce _/3r . Let 

n 

Then X n converges in L 2 to a random variable X^. For each n, \ J A 5 | < X^, and hence 

sup J A < e S(2 ~ d) max J n5 < e 1/10 X 

Cont+( 7 nr ; 0)< e A(2 ~ d)r sup J A < e 1/5 X^. 

r>0 

This establishes fl23|) . Also, if n < m, 

Therefore {J^} is a Cauchy sequence in L 2 and has an L 2 -limit which we call J^. If 
r5 < s < (r + 1)5, we similarly have 

E[(J S A - J r X s ) 2 } = nm S ) 2 } < ce-> (26) 

so we see that 

J A = lim J A , 

r^oo 

where the limit is in L? . 

Chebyshev's inequality shows that 

t,n\Q^>e-^}<±^<^ 

n=l n=l 
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Hence by the Borel-Cantelli lemma, with probability one for all n sufficiently large. 

I tA _ tA I < n -PnS/4: 
\ J n8 J (n+l)S\ ^ ze 

This shows that with probability one, the sequence {J^g} is a Cauchy sequence and hence 
with probability one, 

lim J^ s = J A . 

n— >oo 

for all positive rational 5. If n5 < r < (n + 1)5, then 

e S(d ~ 2) JUds < ■£(*) < e s ^ J^z), (27) 

from which we conclude that with probability one, J A — > J^. Therefore, with probability 
one, for all positive rational A > 0, 

Cont/(m 7 ) = lim / J^z)dA(z) = J*. 

r->oo J r 

Lemma 12.31 shows that on the event that this occurs, = Joo is independent of A and 

= Cont d (r n 7) = Joo- 

Since the limit is in L 2 , we have for every A < 1/10, 

E [/i(r)] = lim E[J r A ], E [/i(r) 2 l = lim E [(J r A ) 2 l , 

r— >oo r— >oo 

from which we can conclude ff22l . 

To get ( |2T|) . we cover d n T by squares T e Q n and do the same argument to conclude that 



lim E rCont+(7n<9„r)l = 0. 

Since this is a decreasing sequence of random variables, we conclude that fT2~Tl) holds with 
probability one. 

□ 

3.2 Natural length 



By Theorem 13.11 with probability one we can define a function on Q by 

//(r) = Cont d (7 D T) = Cont d (7 n int(r)) = Cont d (7 n r). 
Proposition 3.3. On t/iis event, \x extends to be a Borel measure. 

Proof. If T G Q, let 5f denote the set of finite unions of dyadic square that are subsets of T. 
This gives a set function fi on finite unions of squares in Sp. For each S, the function \i is 
clearly finitely additive on S§, and a standard topological argument shows that it is, in fact, 
countably additive on 5j. The measure \i satisfies the Caratheodory condition, and from 
this one see that it extends to a Borel measure on S. Since this is true for every 5 G Q, we 
get a Borel measure on EL □ 
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We call \i the (natural) occupation measure for the SLE curve 7. If D is an open set, 
then we can find D n G S increasing to D and hence 

E\pt(D)] = I G{z)dA(z), E[fi(D) 2 ]= [ G{z,w) dA(z) dA{w). 

JD JDxD 

It is not immediately obvious, but we will now show, that with probability one, for all 
< s < t < 00, 

/i( 7 MD =M7t\7«) = ContdfrM). (28) 

The bulk of the work is in the following lemma. Recall that H s is the unbounded component 
of H \ 7 S , and let 

d n H s = {zeH s : dist(z, <9# s ) < 2" n }. 
Lemma 3.4. There exists a > sttc/i t/iat i/ie following holds with probability one. 

• For each t , there exists n < 00 snc/i i/iai if < s < t and n > n , then 

Cont+( 7 [s, s + 2- n ]) < 2- na . (29) 

• Suppose that < s < t, and u > 0. Then 

lim Cont+[ 7 [s + u, t] n 9 n i/ s ] = 0. (30) 

n— >oo 

The limit f l3H|) is immediate for k < 4 since 7 [s + w,t] r\d n H s is empty if n is large. Before 
proving the lemma, we will show how to deduce (128]) from the lemma. We approximate 7 [s, t] 
by finite unions of dyadic squares. If s < t and n is a positive integer, let V n (s, t) denote the 
union of all T e Q n satisfying T C H s \ d n H s and 7 [s, t] fl T 7^ 0. Let O n (s, t) = 7 fl V^(s, t). 
Note that O n (s,t) C 7 \ 7a , but it is possible for 7(t, 00) fl O n (s,t) to be nonempty. Note 
that if m > 0, then 

O n (s, *) \ 7 [s, t] C 7[t, i + u] U ( 7 [t + u, 00) n 9„_ifT t ) , 

7[s, t] \ O n (s, t) C 7[s, s + u\ U [7(5 + m, 00) n <9„_ 2 # s )] . 

(Here we use the simple geometric facts that O n (s,t) C d n ~iH t , and that if T e Q n , then 
either T G H s \ d n H s or T C d n -2H s .) The lemma implies that 

lim Cont+ [ 7 [s, t] \ O n (s, *)] + lim Cont+ [O n (s, t) \ 7 [s, t]] = 0. 

n—¥oo n—>oo 

Then ([281 follows from ([6]). The remainder of this subsection will be devoted to proving the 
lemma. 

Lemma 3.5. Let Z(T) be defined as in Theorem \3.1\ There exists c < 00 such that if 
r G Q^, then 

E[Z(T)} < cG{T), E[Z{T) 2 ] < c2- dn G{T). 
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Proof. If T e Q+ then r = 2T6 Qq with G(T) = 2 dn G(T). Also, the distribution of Z(T) 
is the same as that of 2 dn Z(T). Hence, we may assume that T G Qq. 

If dist(0, T) < 10, then G(T) x 1 and we can use ( |23l) . Otherwise, let r be the first time 
that dist(r,7(t)) = 8. By ((H]), P{r < oo} x G(T), and by distortion estimates we can see 
that 

E[Z(T) | r < oo] < c. 

□ 

Corollary 3.6. With probability one, if R < oo, then for n sufficiently large, V e Q n with 
dist(0, T) < R, 

Z(T) <n2- dn/2 . 
Proof. By Chebyshev's inequality, if T e Q n 

F{Z(T) > n2- nd/2 } < n- 2 2 nd E[Z(T) 2 ] < en' 2 G(T). 
Hence if V is any bounded set 

oo „ 

F i Z ( T ) >n2~ nd/2 } <c G(z)dA(z) < oo. 
«=o reQ„,rcv ^ v 

The result follows from the Borel-Cantelli lemma. □ 

Let 

d n U = {z G H : lm(z) < 2" n }. 
Lemma 3.7. With probability one, if R < oo and u > 0, then for all n sufficiently large 

Cont+ (7 n d n M n {\z\ < R}) < u2~ n . 
In particular, for each t , for all n sufficiently large, 

Cont+ ( 7 [0, t ] n d n M) < u 2~ n . 

Proof. The argument is the same for all R; for ease, we let R = 1 and write V n = <9 n lHln{|,2:| < 
1}. We will first show that 

oo 

^P{Cont d (7nT4;™log2) > 2~ n } < oo. (31) 

71=1 

Since V n C U|j|<2» T n(j,0), 

oo 

Cont d ( 7 n K;nlog2) < ^ Cont d ( 7 n T n (j, 0); nlog2) 

j=-oo 

< 6 2- 2n 2 {2 ~ d)n !{7 n r nti> °) 0}- 

b1<2" 
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The estimate © implies that P{7 n T n (j,0) ^ 0} < cj l ~ ia . If we choose /3 with 1 < /3 < 
d — (2 — 4a) + , we can see that 

E [Contrffr n K; n log 2)] < c 2" n/3 , 

P{Cont d (7ny n ;nlog2) > 2""} <c2~ n(/3 - 1) . 

This gives (151]) . and by the Borel-Cantelli lemma with probability one for all n sufficiently 
large, 

Cont d ( 7 n V^; n log 2) < 2" n . 
It follows that for n sufficiently large, if m > n, 

Cont d ( 7 n K; m log 2) < 2~ m + Cont d (7 n (V„ \V m );m log 2) , 

and hence 

Cont+ (7 n V n ) < 2 2 ~ d sup Cont d (7 n (V n \ V m ); m log 2) , 

m>n 

where the supremum on the right is restricted to integers m. Let A n denote the set of all 
squares of the form (j, j G Z, that intersect V n . These squares are disjoint and 

Cont d (7 H (V n \V m );m log 2) < £ Z{T). 

Hence, 

Cont+ (7 n V n ) < 2 2 ~ d Z ( T )- 

By Lemma [3.51 

^E[z(r)]< c ^G(r)<cG(K). 

As above, we find /3 > 1 such that Cr(V^) < c2~ n ^, and hence 

< c2 ™( 1 -/ 3 ). 

Hence, by the Borel-Cantelli lemma, with probability one, for all n sufficiently large and all 

m > n, 

2 2-d ^ z(Y) < 2- n . 
r&An 

□ 

The next proposition finishes the proof of (1291) . 
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Proposition 3.8. There exists a > such that with probability one for every t < oo for all 
n sufficiently large and all s <t, 

Cont+( 7 [s,s + 2- n ]) < 2~ na . 

Proof. It is known [21 [TT] that the SLE K , k / 8 curve is Holder continuous with respect to 
the capacity parametrization. That is to say, there exists > such that with probability 
one, if t < oo, then for n sufficiently large, 

diam( 7 [s,s + 2- n ]) < 2~ n K 

Let m be the largest integer less than fin. Then j[s,s + 2~ n ] is contained in the union 
four rectangles ri,...,r 4 G Q m . For n sufficiently large, if Tj G Q+, then Corollary 13.61 
implies that Confer,- n 7) < m2~ dm / 2 . If Tj E Q n \ Q+, then Lemma O implies that 
Cont^r^) < ce~ m . The result follows for a < fid/2. 

□ 

In the remainder of this section, we prove (|30|) . Let U = Uj^ = {x + iy : — 2 k < x < 
2 k ,y > 2 _J '}. Using Lemma [3.71 and compactness of 7[t,w], we see that it suffices to prove 
that with probability one for every s < u and all positive integers j, k, 

lim Cont+[7[w, 00) n d n H s n U jk ] = 0. (32) 

It suffices to consider rational s,u, and hence we need to show that for fixed s,u,j,k, (1321) 
holds with probability one. By scaling it suffices to prove this for j = which we now assume. 
We fix integer k > and allow constants to depend on k. We only consider n > k + 4. Let 
U = U 0tk , and let Q n (U) denote the set of T e Q n with T cU. Note that G(T) < c2~ 2n if 

r e Q n {u). 

We will now define a quantity Z(T) for T e Q that is an upper bound for the Minkowki 
content of the intersection of the path "after one has gotten close to the square and then 
gotten away from the square" . To be precise, suppose that r G Q n with center point z, and 
define the following quantities. 

• fx = £i(T) is the first time t such that \z - 7(f) | = 2~ n+2 . 

• ^2 = 6(r) is the first time t > Ci such that |z - y(t)\ = 2~ n / 2 . 

• ^ 3 = ^ 3 (r) is the first time t > 6 such that |z - y{t)\ = 2~ n+l . 

• ^4 = ^ 4 (r) is the first time t > ^ 2 such that \z - y(t)\ = 2~ n+1 . 

We think of time £4 as the time of the "second return" to the (neighborhood of the) square. 
We let Ei(V) be the event {£1 < £ 3 < £ 2 < £4 < 00}, E 2 (T) the event {£1 < £ 2 < £3 = £4 < 
00}, and E(F) = E^T) U E 2 (F) = {£ 4 < 00}. We define Z{Y) as follows. Off of the event 
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E(T) we set Z(T) = 0. On the event E^T) we set Z(T) = 2 n ^- d \ On the event E 2 (T) we 
set 

Z{V) = Cont+(rn7;nlog2). 
Note that if T G Q n , then for all m > n, 

Cont d (rn 7 [6(r),oo);mlog2] < Z(T). 

We will use the following fact which states that once one gets close to z and then leaves, 
one is unlikely to return. It is a qualitative expression of the fact that the double points of 
SLE K curve have strictly smaller fractal dimension than the curve itself. It is an immediate 
corollary of Corollary 12.101 

Lemma 3.9. There exist c,(3 such that if T G Q n with T C {Im(,2) > 1} ; then F[E(T)] < 
c 2«(rf— 2) 2~ n P 

Arguing as in the proof of Lemma [3.51 we have on the event E 2 (T), 

E[Z(T)\ 1S : 4 ]<c2 n( - 2 - d \ 
and, hence, E[Z(T)} < c2^ n . Let 

oo 

z n = z n (u) = J2 E ^ r ), 

m=nreQ m ,rcu 

Then we see that E[Z n ] < c2 _/3n , and hence, with probability one for all n sufficiently large, 
Z n < 2 _/3n / 2 . To establish (|32|) . it therefore suffices to show that there exists c such that for 
n sufficiently large, 

Cont+[( 7 \ [lu U d n H s ]) n U] < cZ n . 
To show this it suffices to show for all integers m > n 

Cont d [( 7 \ [ lu U d n H s }) nU;m\og2]<cZ n . 

Let s < u. For fixed n < m, let A = A S)m ,n denote the set of T G Qj(U),j — n, . . . ,m 
that satisfy 2~ j+1 < dist(r, dH s ) < 2~ J '+ 3 . Let C = C s>m denote the set of T G Q m {U) that 
satisfy dist(T, dH s ) < 2~ m+2 . We claim that for each m, the squares in AUC cover Ur\d n H s . 
To see this, suppose that z G U n d n H s . Then dist(>, dH s ) < 2~ n . If dist(>, dH s ) < 2~ m+2 , 
then the unique V G Q m (U) containing z is in C. If dist(z, dH s ) > 2~ m+2 find j such that 
2~ J+2 < dist(;z, dH s ) < 2~ J+3 . Let Y be the unique square in Qj{U) that contains z and note 
that 2^' +1 < dist(r, d n H s ) < 2^ +3 . 

If T G *4 U C, then £i(r) < s. For n sufficiently large, capacity estimates imply that 
diam(7 u \ 7 S ) > 2 _ri//4 , and hence £ 2 < u. Using this we see that for each r G A U C, 

Cont d [7[w,oo) nT;m log 2] < Z{Y). 

Therefore, 

Cont d [7[w, oo) U n d n H s ; m log 2] < Z n . 
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4 Proof of Theorem 



3.2 



Throughout this section we fix < 5 < A < 1/10 and constants may depend on 5, A. 

4.1 Some reductions. 

Suppose lm(z),lm(w) > 1, and let J r (z) = J^(z),Q r (z) = Q^' s {z) as in Section I3TT1 Since 
Qr(z) Q r {w) = if 7v_i(z) = oo or r r _i(w) = oo, in order to prove ( 125]) it suffices by 
symmetry to prove that 

E [Q(z) Q(w); r r _i(z) < r r _i(u;)] < ce^ r |z - wl' 3 " 2 . (33) 

By $24]) and (HSJ), we know that if \z - w\ < e~ ur , 

E [Q r (z) Q r (w)] < Ce 2r{2 - d) ¥{T r (z) < OO, T r (w) < Oo} 

< c\z-w\ d ~ 2 

< c\z- w\ d ~ 3 e- ur . 

Hence it suffices to find u > and c, (3 such that ( 133]) holds for |z — iw| > e~ ur . 

Let a be as in (fT2|) . and suppose that s > 0. Choose w > with m[2(2 — d) + a] < as/2. 
Then if \z — w\ > e~ ur , 

E[Q r (z)Q r (w);T sr (w) < r r _i(z) < 7y-i(w)] 

< c e 2r(2 - d) P{r sr (w) < r r _! (2) < r r _x (w) } 

< ce 2r(2 ~ d) e 2(r ~ ur)(d " 2) e - a ( sr - w ) 

< ce ru [ 2 ( 2 ~ d ) +Q: ] e - Qsr < ce ~ asr / 2 . 

From this we see that in order to prove (133]) it suffices to prove the following. 

• There exist s>0,/3>0,c<oo such that if lm(z), Im(u>) > 1 and \z — w\ > e~ ur , then 
E [Q(z) Q(w); r r _i(2) < r sr (w) < r r _i(w)] < ce _/3r |z - wl' 3 " 2 . (34) 

This is what we will establish in this section. 

4.2 One-point estimate 

As is often the case, an important step in getting a two-point estimate is to get a very sharp 
one-point estimate with good control on the error terms. Much of the necessary analysis has 
been done for SLE, and we review some of the methods here. 

We will consider chordal SLE K from 1 to w — e 2td in the unit disk D, and we will 
study how close the path gets to the origin. We parametrize the SLE K path 7 using the 
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radial parametrization. To be specific, we let D t denote the unbounded component of D \ jt 
containing the origin and g t : D t — > D the unique conformal transformation with gt{0) = 
0,(^(7(t)) = 1. The radial parametrization is defined so that |g£(0)| = e*. The total lifetime 
of the curve in this parametrization, T, is finite with probability one. (If k > 4, T is not the 
time that the curve reaches w, but rather the time at which the curve disconnects the origin 
from w. Although the SLE curves continues after this time, the domain D t does not change 
so we do not need to consider the path after time T.) We write w t = e 2l9t = gt{w). The path 
7i, and hence the transformations g t , are determined by 8 S , < s < t. If t > T, then g t = g?. 
If t + u < T, we define the transformation by g u+t = g± o g u . The maps gf are the same 
as the maps generated by 6 t ,u '■= 6 u +t- We let Pe,Ee denote probabilities and expectations 
given by chordal SLE K from 1 to e 2td . The angle 9 t satisfies a simple one-dimensional SLE. 
Its form is a little nicer if we consder a linear time change. If 9 t = $iati then 6 t satisfies the 
"radial Bessel equation" 

d9 t = (1 - 2a) cot § t dt + dB t , 

where B t is a standard Brownian motion. This equation is valid until the time T = T /2a at 
which 9 f = 9 T e {0,7r}. 

Let A t = dist(0,7t). The Koebe (l/4)-theorem implies that for < t < T, 

e -t-io g4 < At < e -t (35) 

Let St = 5*^(0; j(t), 1) = Sb(0; w t , 1) = sin 6^. Ito's formula shows that 

M t = 1{T > t} e t{2 ~ d) S?*- 1 

is a local martingale; more precisely, Mt = Mi at satisfies 

dM t = (4a - 1) [cot 9 t ) M t dB t , t < f. 

In fact, M t is a continuous martingale with F{M OQ = 0} = 1. 

We write ft = g^ . Let D r denote the open disk of radius e~ r about the origin with 
closure D. r , and 

T r = inf{t : A t = e~ r } = inf{t : G l r }, 

J r = —— / e s{d ~ 2) 1{T > r r _ s } ds = —— / e sid - 2) 1{ 7 n D r _ s ^ 0} ds. 
* Jo Jo 

Note that (135|) implies that 

3 

r — - < r — log 4 < r r < r. 

If r > 3, < s < 1/10, then on the event {T > r — 2}, we define V^ )S = g r -2(Pr-s)i K = 
Ko- We can use distortion estimates (Lemma 12. ip to see that there exist < C\ < c 2 < oo 
such that if < s < 1/10 and T > r - 2, then 

© C2 C K, S CD C1 . 
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Conformal invariance implies that on the event {T > r — 2}, 

e r(d ~ 2) E[J r | 7r _ 2 ] = - / e s(d " 2) P{ 7 n l r _ s ^ | 7r- 2 } cfe 

A Jo 

The measure obtained by tilting by the martingale M t is called two-sided SLE K (from 
to e 2te in D going through the origin stopped when it reaches the origin). We will write P*, E* 
for probabilities and expectations with respect to this measure. These measures depend on 
the initial angle 9 and we will write P|, Eg if we wish to make this explicit. If X is a random 
variable that depends only on 7 t , then 

E* g (X) = [smOY'^Ee [X M t ] = [sin O} 1 '^ e t{2 ~ d) E e [X S^ 1 1{T > t}] , 

or equivalently 



E e [X 1{T > t}} = e {d - 2)t [sinfl] 4 ^ 1 E* 9 [X Sl~ ia ] 
In particular, if r > 3, 

E e [J r ] = E e [E[J r | 7r _ 2 ]] 



[sin^] 4a - 1 e 2(2 - d) E* 9 

[sin^-V^ e; 



7r-2\ 

A 



lr-2] ds 



(36) 



(37) 
(38) 



[sin 9, 



r-2 



U-4a /-A 



A 



e< d -VF 0r _ 2 {jnv r ^(b}ds 



One has to take some care in reading the formulas on the right-hand side. The conditional 
probabilities inside the expectation are with respect to the untilted measure P, but the 
expectation is with respect to the tilted measure Eg. Similarly, 



Eg [J r+S ] = [sinfl] 4 ^ 1 E; 



[sin# r _ 2 ] 1 - 4a rX 
A 



e «w-2)p flp _ a { 7 ny ria _^0}£fa 



The Girsanov theorem shows that under the measure E|, 

d9 t = a cot § t dt + dW t , 



(39) 



where, as before, 9 t = 9 2a t and W t is a standard Brownian motion with respect to the titled 
measure. This equation has an invariant probability density which we denote by /i with 
density 



C 4a [sin#p, Q 



y 4a 



sin 4a 9d9. 



Moreover, the rate of convergence to equilibrium is exponential (see, e.g., [TQl Section 2.1.1]). 
To be more explicit, there exists a > such that if <pt{9] 8q) is the density at time t given 
initial conditon 9q, then 

MWo) = f(0)[l + 0(e- at )]. (40) 
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If we use apply this to (J36J) with X = 1, we get 

P {T >t} = ce^ 2 ' 1 [sintf] 40 - 1 [1 + 0(e~ at )}, 

where 

C= / [sin^] 1 - 40 0(0) ffl = 2C£. 
Jo 

In particular, we see that for r > 1/10, 

P e {T>7v}x [sin0] 4a - 1 e (d - 2)r , 

and if r > 3,0 < s < 1/10, 

P e ,._ 2 {7nK, s ^0}x[sinft r _ 2 ] 4a - 1 . 

The following useful coupling result follows immediately from ( 1401) . 

Proposition 4.1. T/iere exists c < oo,a > suc/i £/ia£ if < ,9 < n, then we can 
define 8t,0t on the same probability space (Q,P) such that 6t has the distribution Pjj ; 9 t has 
distribution ¥* e ,, and for all u > 0, 



P{0 t = 9 t for allt>u}>l-ce 



■mi 



Sketch. We use the coupling obtained by running processes satisfying ( |39l) with independent 
Brownian motions until the first time that the collide at which time the particles coalesce. 
The key observation is that there is a p > such that no matter where the particles are 
at time t, there is a probability at least p that they will intersect by time t + 1. Hence the 
probablity of not coupling by time n is no more than (1 — p) n . □ 

If u > 0, we write g r+u = o g u . Let us define the random variables 

Z, = e^M- £ ^ ¥{TrM £ r , 7r _ 2} „ 

so that 

E e [J r ] = [sin^] 4a - 1 E;[F r ], 
Ee[J r+ s] = [sme^E^Zr]. 
Lemma 4.2. There exists c < oo stzc/i t/iat z/ ^ = 9 t for t > u and r > 3, 

\Y u +r ~ ^tt+r| + \Z u J rT — Z u + r \ < CC r [sin0 r ] 1 *. 
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Proof. Let us write g u+r = o g Ul g u+r = g^og u . Our assumptions imply that the transfor- 
mation is the same for both g u+r and g u+r . Since g u is a conformal transformation of D u 
onto D with g u (0) = 0, 1^(0)1 = e u , we can use the distortion theorem (see Lemma I27TT) to 
find a Co such that 

and similarly for g. Therefore, 

P{Tu+r-s — £ I Tr+u} — ^{ T u+r-s-2c Q e- r \ %+u}i 

and similarly with 7, 7 interchanged. 

□ 

We now consider the invariant measure where #0 is chosen according to the stationary 
distribution for the two-sided radial. In this case 8 t is also in the invariant distribution. Let 
us write E* for expectations with respect to this distribution. 

Proposition 4.3. There exists c G (0, 00), c < 00 and a > such that for all r > 3 and all 

K[Y u ]-c\<ce- ra , 
\K[Z u }-c\<ce- ra . 

Moreover, 

¥ e {r r < 00} = c [sin^] 4 "- 1 e r(d ~ 2) [1 + 0(e~ ar )}. 
We note that the last expression in the proposition implies that c does not depend on A. 
Proof. Let 

c A (r)=E*[Y r ]. 

Here we have made explicit the dependence on A. We still allow implicit constants to depend 
on A. We claim that if u > 0, 

c x (r + u) = c x (r) + 0(e- r ). (41) 

To see we write g r+u = o g u . The distortion estimates imply that there exists Co such that 
if \z\ = e~( u+r \ then 

e -r-c e- < |^( z )| < e - r+Coe ~ r . 

Let 

*r = ^ 7 U^+sicoe-'' < J- I 7r-2|«r, 

The distortion estimate implies that 

E;[r r + (g r ")] < K[Yr + u(9u)} < K[y-( 9 :)}. 
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Since we are in the invariant distribution, the distribution on is the same as that of g r . 
Therefore, 

K[Y r + ] <K[YrU <K[Y-}. 

It is easy to see that \Y r — = [sin^] 1-4 " 0(e _r ) (where the implicit constant depends on 
A). This gives (I41j) . From this we immediately get the existence of a limit value c x such that 
c x (r)=c x + 0(e- r ). 

We can now appeal to Proposition 14. 1 1 and Lemma [4.21 to see that for all 6, 

[ S m6] l - 4a E e [J r ) = E* e [Y r ] = c A (r) + 0(e~ ar ) = c x + 0(e~ ar ). 

In particular, 

l im £!_ f e -(d-2) F n/2 {r r+s <T}ds = c x . (42) 

r^oo A Jo 

This implies, 

e x(d-2) &x < liminf gP (2-d) p ^ /2 | Tr < T } < li msU pe r ( 2 - d ) P V2 { Tr <T}< e H2 - d) c x . 

This holds for all < A < 1/10 and by letting A go to zero we see that 

lim e r{2 - d) P W2 {r r < T} = c, c = limc A . (43) 

r^oo A4.0 

Plugging this back into ( 142|) . we see that c A = c for all A < 1/10. 

The same argument works for Z u and since we get ( H3|) again, the constant c must be 
the same. □ 

By conformal invariance we can conclude a one-point estimate for SLE K in any simply 
connected domain. 

Proposition 4.4. There exists c < oo sitc/i that the following is true. Suppose D is a 
simply connected domain and 7 is a chordal SLE K path from W\ to w 2 in D. Let Gd[z) = 
Gd(z; Wi,w 2 ) and 

r(2-d) p\ 

J r ( z ) = —— / e s(d " 2) l{dist(z, 7) < e~ r+s } ds. 
A Jo 

Suppose that e~ r < dist(z,dD)/10. Then 

\G D (z)- x R[J r {z)\ - l| < c[e r dist( Zl dD)]- a . 

In particular, if 5 > 0, 

\E[J r (z) - J r+S (z)]\ < cG D (z) [e r dist(z,dD)]- a . 
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Proof. Without loss of generality, we assume z = and let R = dist(0, dD). F : D — > D 
be the conformal transformation with F(0) = 0,F(wi) = 1,-F(u7 2 ) = e 2ld where sin 6* = 
Sd (z; w± , W2) ■ The Schwarz lemma and Koebe (l/4)-theorem imply that |F'(0)|/4 < R < 
\F'(0)\. Suppose that |F'(0)| = 1, and let 

p r(2-d) rX 

Jr = —^~ I e s ^m(t)\<e- r+s }ds, 

As seen before, distortion estimates imply that there exists cq such that if \z\ < e~ r+1 , 

|z|[l-coe- r ] < \F(z)\ < |^|[l + c e- r ], 

and hence J r = J r [l+0(e~ r )]- In particular, E[J r ] = E[J r ) [l+0(e~ r )] = cG D (0) [l+0(e- r )]. 
If |-F"(0)| ^ 1, we can first do a dilation. 

□ 

With these results we can follow the proof in [HI Section 3], which proves the corresponding 
result with distance replaced by conformal radius, to conclude ( I14p . Just instead of Lemma 
[HI 2.16], we need to have the corresponding one for the distance. Namely, we need the 
following. 

Lemma 4.5. Put 

£ = & = = inf I dist(z,7 t ) < e}, 

Fix e < r//10 < -R/10 and z e EI where R < lm(z)/2. There exists some c depending only 
on z and (3 > such that 

P{7&,&] t Br{z) I Ce < 00} < c (^) /? • (44) 
Proof. Take r = y/rjR. Define the events A and B as 

A = {7^,6] t Br(z)} B = { 7 [£,6oe] C B R {z)}. 
By comparison to two-sided radial SLE (2.13 and 2.14 in [9]) we have 

p{B\i t < 00) > 1- cC-r = i - c{^r'\ 

for some a > 0. So it is enough to estimate P(A PI B|£ e < 00). We write it as 

^nsn {% 0t > < 00) + P(A n £ n {% 0E < < oo). 

We have P{% 0e < 5|& < 00} < c5 ia - 1 by Lemma 2.3 in [5j and P{£ £ < oo|% ()£ > 5} > 
c5 4a_1 by Theorem 12.51 

To estimate P{A fl B), first notice that there is just one arc on C r that we have to cross to 
reach Cr by Lemma 2.1 in (5]. Then by Proposition 5.6 in [17J, P(A fl B) is less than 

c {-) < c b) • 
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Take 5 = (^) 8 and we are done by taking (3 = min{a/2, ^^}- 

Remark The constant that we get for G(z, w) here in comparison to the one defined in [9] 
is c 2 where c is the one that we get for one point Green's function. Also the same method 
shows that we can define n— point Green's function and we expect that 

E[6(D) n ] = / G(zi, z 2 , z n )dA(zi)dA(z 2 )...dA{z n ). 
At the moment we can not prove it because we have no upper bound for G(zi, z n ). 

□ 

4.3 Proof of (El) 

We will now prove ( 1341) for an appropriate < u < 1/4 that we will define below. We assume 
that Im(,2), Im(w) > 1 and \z — w\ > e~ r / 4 . It suffices to prove the result for r > 4 and hence 
\z — w\ > e~ (r ~ 2)/2 . 

Let < g < 1/8 be a parameter that we will choose later. Let r r _ 2 = r r _ 2 (z), 7y_i = 
T r -i(z), H = H Tr _ 2 (z), / 3 / 4 = Z 3 / 4 (r-2, z), X = A(r-2, z, 3/4), B u = B u (r-2, z) be as Section 
12.41 Recall that we are assuming that \z— w\ > e~^ r ~ 2 ^ 2 and hence w ^ Bi/ 2 - Let Z r (z, w) be 
the indicator function of the event that r r _i < r qr (w) and w is in the unbounded component 
of H \ Z 3 / 4 and let J r {z, w) be the indicator function of the event that w is in the bounded 
component of H \ Z 3 / 4 . 

We consider two cases. First suppose that Jr(z, w) = 1. Since w is in the bounded 
component and \w— z\ Bi/ 2 , There is a subarc /' of dBs/^nVs/^ whose removal disconnects w 
from z. The Beurling estimate implies that the probability that a Brownian motion starting 
at w reaches /' without leaving H is bounded above by ce~ r//4 . Hence S Tr _ 2 (w) < ce~ r//4 , 
and therefore, 

F{r r -i(w) < 00 I 7rr _ 2 } < cG H (w; 7 (r r _ 2 ), 00) e r{d - 2) 

< cS Tr _ 2 (wf a - 1 dist( W , ir r . 2 ) d - 2 e r(d - 2) 

< ce' {a -^ )r dist(w, 7 Tr _ 2 ) d " 2 e r{d ~ 2) . 

We know from (1121) that 

P{dist(w, 7rr _ 2 ) < e s ,r r _! < 00} < c\w-z\ d - 2 e r(d " 2) e s(d ~ 2) . 
By summing over positive integers s < r, we get 

P{r r _x < Tr-xiw) < 00, J r {z, w) = 1} < cr \w - z\ d ~ 2 e 2r(d - 2) e~ {a -^ )r . 
In particular, if |z — w\ > e~ ur , where u — (a — |) /[3(2 — d)], 

F{r r -t(z) < r r -i(w) < oo, J r (z,w) = 1} < ce 2r(d - 2) e - (a -^ )r/2 , 
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which implies that if \z — w\ > e ur , 

E lQ r (z) Q r {w) J r {z, w)) < c e~^ )r/2 . 

For the remainder we will assume that Z r (z, w) = 1. Let o = a 3 / i (r — 2, z) as in Section 
12.41 Let Q r (z) be the analogue of Q r (z) for the curve stopped at time a, 



Qr(z) 



r(2-d) r\ 



Ad - 2) [1 {r r - s {z) <a}- e 5 ^ 1 {r r _ s+s (z) < a}} ds. 



To establish our estimate, we will show that 



E 



and 



E 



Q r (z) Q r (w)X r (z,W 
\Q r (z) - Q r (z) \ \Q r (w)\lr(z,W 



<ce-? r . 



< ce 



-/3r 



(45) 
(46) 



which together imply that 



\E[Q r (z)Q r (w)X r (z,w)}\ <ce~P r . 



To prove fj4"5]) . let T a denote the cx-algebra generated by the curve 7 CT . Since Q r (z) T r (z, w) 
is T a measurable, 



E 



Q r (z) Q r (w)X r (z, w) =E Q r (z)I r (z, w)E(Q r (w) \ T a ) 



and hence, 



E 



Q r {z)Q r {w)l r (z,w) <E \Q r (z)\X r {z,w)\E{Q r {w)\F a )\ 



We appeal to Proposition 14.41 to see that 

\HQrM | < cGhMi(v), oo) [e r dist(w,dH a )] a < e qr( - 2 ~ d) e^" 1 *. 
In particular, if q is chosen sufficiently small so that q(2 — d) < a(l — <?)/2, 

\E(Q r (w) | Ta)\ < ce~ ar ^ 2 , 

and hence 



E 



Qr(z) Q r (w)X r (z, W) 



< ce~ ra/2 E 



\Q r (z)\X r (z,w) 



< c e~ ra/2 e r{2 ~ d) F[X r {z, w)} < c e 



-ra/2 



For ()46l) . we observe that if Q r (z) ^ Q r (z), then dist(z,7) < e Xr = dist(z, 7 CT ). In other 
words, 



E 



\Q r (z) - Q r {z)\ \Q r {w)\l r (z,w) 



< 
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ce 2r(2 - d) F{X r (z,w) = l,dist(z, 7 ) < e - Xr ,T r -i(w) < oo}. 

We know that F{T r (z, w) = 1} < ce r ( d ~ 2 \ Using Lemma [2.111 and the geometric argument 
in the proof of Lemma 12.71 we see that that there exists (3 such that 

F{l r (z,w) = l,p< oo, T r _x(w) < oo I X r (z,w) = 1} < ce- pr e {1 - q){d - 2) . 

If q < (3 /(A -2d), then 



E 



\Q r {z) ~ Qr{z) \ \Q r {w)\X r (z,w) 



< ce-^l 2 . 
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